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We report general forms of one family of the A"-fold super symmetry in one- 
(T) ■ dimensional quantum mechanics. The A/*- fold supersymmetry is characterized 

by the supercharges which are Af-th order in differential operators. The family 
\q , reported here is defined as a particular form of the supercharges and is referred 

to as "type A" . We show that a quartic and a periodic potentials, which were 
previously found to be A/"-fold supersymmetric by the authors, are realized as 
■ special cases of this type A family. 
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I. INTRODUCTION 



Recently, much attention have been paid to the M-fold supersymmetry in quantum me- 
chanics as one of the most fruitful generalization of the supersymmetry p|-[T2| . The AAfold 
supersymmetry is characterized by a non-linear superalgebra among the supercharges and 
the Hamiltonian; the anticommutator of the supercharges is a polynomial of the Hamilto- 
nian. The coordinate representation of the supercharges involves AAth order derivative. 

There are several ways to construct the AAfold supersymmetric models. If one has a 
Hamiltonian for which the exact M eigenfunctions are known, the A/"-th order supercharge 
is given by the A/"-th order Darboux transformation and can be represented in the form 
known as Crum-Krein formula [|5]||. The formal expressions for the partner Hamiltonian 
and the anticommutator of the supercharge are also known [^|,^J . However, the applicability 
of this approach will be, in practice, quite limited since we rarely have exact solutions 
of a Hamiltonian under consideration. In addition, serious difficulties will be expected 
when one intends to construct a model in which dynamical SUSY breaking takes place. 
In this case, the prepotential is related to (the logarithmic derivative of) the perturbative 
ground-state eigenfunction which can be solved analytically, but not to the exact ground- 
state eigenfunction. Actually, we have already known a A/"-fold supersymmetric model in 
which the purely nonperturbative effect breaks the AAfold supersymmetry and only the 
perturbative M non-degenerate states can be obtained analytically pT| . 



Two AAfold supersymmetric models reported in Ref. |TI|] and Ref. |]T2[ have the common 
significant features. The one is the simplicity of the form of the potentials; in spite of the 
fact that the higher order Darboux transformations generally lead to a quite complicated 
form of the partner potential [|7,13- |T6|1 . The other is that the A/"-fold supersymmetry for 
any M are realized only through the specific values of a parameter, say e = A/", involved in 
one Hamiltonian. These examples show the existence of A/"-fold supersymmetric family in 
which a pair of the specific Hamiltonians possesses any A/"-fold supersymmetry via one (or 
more) parameter(s) involved in the Hamiltonians. 

In this letter, we report the general forms and conditions of a system to be A^-fold su- 
persymmetric family with respect to a particular form of the supercharges, without any 
recourse to the information on eigenfunctions. In section |J we review the A/"-fold super- 
symmetry including ordinary one. In section ITJ, we define a particular class of the A/"-fold 
supersymmetry, which will be referred to as type A. We then give the conditions of type A 
A/"-fold supersymmetry for arbitrary A/". In the case of M = 2, the results reduces to just 
the ones reported in Refs. [@-§J- Section [TV] is devoted to illustrations of special cases of 
type A, including the quartic and periodic potential cases. In section |V|, we reexamine the 
factorized intertwining approach previously done in Ref. M and compare the results with 



those in section [Hl[ We will see that novel intermediate relations, which were not considered 
in Ref. at all, are allowed in order to get the A/"-fold superpartner. Concluding remarks 
are in the last section. 



II. REVIEW OF THE AA-FOLD SUPERSYMMETRY 

First of all, we review the AAfold supersymmetry in one-dimensional quantum mechanics 
|I|j2]j5|,|^, pJ] , p^1 including the ordinary supersymmetric case |T7|-p0f . The A/"-fold supercharges 
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are generally denned in matrix form by the following; 

Qat '- 



Pi 



, Q^=(° P ;)> (i) 





ot 
X 

where Pjv is a differential operator of order N '. The general form of Pj^ is thus given by 

Pn=P N + wx-iiq^" 1 + ■■■ + Wx{q)p + w (q). (2) 
where p = —i{d/dq). Clearly Qjy and Q\f are nilpotent, or equivalently, 

{Qa/-,£M = {QV,QV} = o. (3) 

The Hamiltonian defined in matrix form as 

is said to be TV-fold super symmetric if it commutes with the /V-fold supercharges; 

[Q A r,U M ] = [Ql,U M ]=0. (5) 

The components of the above relations (0) are 

P^-at - H +N P N = (6) 

and its hermitian conjugate. The anticommutator of Q\f and Q_\r now becomes a differential 
operator of order 27V. Therefore, if the component Hamiltonians of are given by the 
following ordinary Schrodinger type; 

H±M = \(P 2 + W(q? + V ±M (q)) , (7) 

the anticommutator can be generally expressed by a /V-th order polynomial 7-V of the 
Hamiltonian H^; 

Um=\{Q^M = Vh^h)- (8) 

The operator H^f defined above is called the Mother Hamiltonian and satisfies the following 
commutation relations; 

[Qn,Hm] = [Qlr,H / ,] = 0. (9) 

In the case of M = 1, the TV-fold supersymmetry defined above reduces to the ordinary 
super symmetric quantum mechanics P?7[— PTlf] . Explicitly if we put, 

P x = D = p-iW(q), P ] x = D ] =p + iW(q), (10) 

we immediately get the ordinary superalgebra; 



{Qi,Qi} = {QlQ{} = 0, (Ha) 

{Q\,Q 1 } = 2H 1 , (lib) 

[Qi,Hi] = [Qi,Hi] = 0. (11c) 

The component Hamiltonians of Hx are given by 

H ±l = l -(j? + W 2 { q )±W'{ q )). (12) 

Comparing with the expressions (^) and (f|) we yield the relations; 

V ±1 (q) = ±W'(q), H 1 = V 1 (H 1 ) = U 1 . (13) 

III. TYPE A TV-FOLD SUPERSYMMETRY 

In the previous paper JL2J, it was proved that if the A/"-fold supercharges are limited to 



the form; 

P A/ = D Af , D=p-iW{q), (14) 

the TV-fold supersymmetry can be realized only for quadratic W(q). It was also shown that 
for a periodic W(q) with periodicity 2-jr/g, the system can possess A/"-fold supersymmetry 
with respect to the following form of the A/"-fold supercharge; 

CAT-1J/2 

Pm= II (D + kg). (15) 

fc=-(AT-l)/2 

These facts indicate that the allowed A^-fold supersymmetric systems are characterized and 
limited by the form of the A/"-fold supercharges. Motivated by this observation, we investigate 
a particular class of the A/"-fold supercharges, which is called type A. The form of the type 
A A/"-fold supercharges Pjf' is defined as follows; 

P ( f = (D + i{N - l)E{q)) (D + i{N - 2)E{q)) ■ ■ ■ (d + iE{q))D 

= H(D + ihE(q)). (16) 

k=0 

We will prove that the conditions of the Hamiltonian (|J) with (|7|) to be type A A/"-fold 
supersymmetric, that is, to satisfy the relation (||), are as the following; 

VMl) = -W ~ l)E(q)W(q) + {U ~ ~ l) E{qf 

o 

- ^±Ef{q) ± N (W'(q) - *L^±E'{q)) , (17a) 

W(q) = + Ce-I dqE{q) J dq (e^ E{q) J dqef dqE ^ (AT > 2), (17b) 
E"'{q) + E(q)E"(q) + 2E'(q) 2 - 2E{q) 2 E\q) = (J\f > 3). (17c) 
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We can prove the above conditions ([17]) by induction. For Af = 1, the above (|T^) (actually, 
only the Eq. (|17a|) is applied) reads V±i(q) = ±W'(q), which is the ordinary supersymmetric 
case. 

Suppose the relation (||) holds for an integer Af. Then, if we put 



H±(M+i) = H±x ± h±tf, 
and use the relation (^j) for this Af, we obtain, 

ptfl-yH-w+V ~ H H N+i)Pi?li = [D + iAfE, H +N }ptf ] - h+^Pjfl, - Ptfl-Ji-x. 



(18) 



(19) 



To facilitate the calculation, we make use of a similarity transformation by U, which is 
defined by 



U = e J*<W(<z). 
The transformation of is then calculated as 
I N+1 = 2i Ar+1 [/(pj# 1 tf_ (Ar+1) - H+yr+vPtfljU- 1 

(A) 



(20) 



[d - ME, -d 2 + 2Wd + W + V+^P^ - 2h +M P^l 1 - 2Ptfl x h-x 
2(W - HE' - h +N - h_ N )dPtf ] 



+ (V[ N + W" - ME" + 2ME'W + 2N(h +M + h_ M )E)ptf ] - 2[P^ 1; h_ N ], (21) 



where 



Af 



i^up^u- 1 



(d - (Af - l)E(q))(d - (Af - 2)E(q)) ■■■ (d - E(q))d 



= l[(d-kE(q) 

k=0 



From Eq. 



(22) 
= 



_), we see that Ijj+x contains up to (Af + l)-th derivative. Therefore, I^f+i 
if and only if all the coefficients of d k (k — 0, 1, . . . , Af + 1) vanish. The d^ +1 term comes 
only from the first term of the r.h.s. of ([H]) and thus, 

h +A r + h- N = W- AfE'. (23) 

When this condition ( |23"D satisfied, the difference I/v+i now reads 

I N+l = {yl M + W" - AfE" + 2AfE'W + 2ATEW' - 2Af 2 EE')Pjf } - 2[P^ 1 , (24) 

The second term of the r.h.s. of (p5f) is calculated as follows; 



[Ptfl, h-M = h'_„PSP + (d- AfE)[Pjf\ h-M 



ti_„P}P + (d- ATE) 
Af(Af - 1) 



Afti^d*- 1 
h'f N -{Af-l)Eh'_ N )d^- 2 + --- 



(25) 
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where • • • denotes the terms which contain up to the (M — 2)-th order derivative. From the 
and d^^ 1 terms, we obtain the following conditions respectively; 

2(M + l)h'_ N = V+ M + W" - ME" + 2ME'W + 2MEW' - 2M 2 EE\ (26) 



h"_ M - Eh'_ M = 0. 



(27) 



The condition fl2"5| ) can be easily integrated, and with the condition ( |2"3"D we get 



± h±M = - 



-EW + ^1 E * - *?L±lEf ± - J\f#) 



6 6 

Here we omit the irrelevant integral constants. Therefore, we finally yield 



(28) 



-MEW + 



6 
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S'±(jV+l) W 



(29) 



which are nothing but the assumed forms of the potential (|17a ) with M replaced by M + 1. 
Before investigating the condition (p7|), we return to the difference /jv+i under the condition 
(EST), which now reads 



= 2Mti_ M Pjf ) - 2(d - ME)[Pjf\ h. 



■AT 



It is easy to see that under the condition 



iPtf\ h-*r] = Mh'^Pjfl, + [ I] (d - kE), h^]Pif (0 < M < M). 



the following relation holds; 



(A) 



(30) 



(31) 



k=M 



Applying this relation (with M = M) to Eq. (p0|) , we immediately find Im+i — 0. That is, 
no additional conditions are needed for satisfying the relation @ with M + 1. So, all that 
remains to be investigated is the condition (p7|). From Eq. (p8|) , this condition reads, 



where 



(W' N + EW M )" - E(W' N + EW M )' = 0, 



W M {q) = W{q) - ^—±E{q). 

o 



(32) 



(33) 



In the case of M = 1, the condition (|32|) gives the relation between W(q) and E(q); 



W — 



E\' 



+ E (W - 



E 



E 



W 



E\' 



+ E [W - 



E 



0. 



(34) 



Equation fl34|) can be integrated for W(q) in terms of E(q), which leads to the condition 
( |17b|) . In the case of M > 2, the condition (|3~2"D should be compatible with that for M = 1 
by the inductive assumption. This immediately leads to 
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(E' + E 2 )" - E(E' + E 2 )' = 0, (35) 



which is equivalent to the last condition (|17cj ) and the proof is completed. 
It is tempting from the potential form (|17aj) to redefine the prepotential as 



W{q) = W{q) - ^-±E{q). (36) 



From the conditions fl34[) and (p5|) , W should satisfy 



(W' + EW)" - E(W' + EW)' = for Af > 2. (37) 
With this W(q), we obtain another general form of type A A/"-fold supersymmetry; 

P Af = II (D + ikE(q)), D=p-zW(q) J (38a) 

A:=-(jV-l)/2 

2fl±v = P 2 + W{qf + ^^(E(g) 2 - 2E'{q)) ±NW\q), (38b) 

V^( g ) = Ce~ I dqE{q) J dq (e$ dqE{q) J dq e I dqE ^ (jV > 2), (38c) 

£ w (g) + E(q)E"(q) + 2E\qf - 2E{q) 2 E\q) = (A/" > 3). (38d) 

Furthermore, we can express the Hamiltonians ( |38b| ) solely in terms of the prepotential 
W(q). From the condition (0), an useful relation holds; 

[W 2 {E 2 - 2E')]' = 2WW'". (39) 

Using this equality we yield, instead of Eq. ( 



, - ,., J\f 2 - 1 (2W"{q) W'(q) 2 A 



2H ± , = v > + W(q)' + — ^ _ ^ + ± MWW), (40, 

where A is an arbitrary constant. In the case of Af = 2, the above ([40]) is reduced to the 
result obtained in Ref. 101 for the second order Darboux transformation. 



IV. SPECIAL CASES OF TYPE A 

In this section, we illustrate some special cases of the type A A/"-fold supersymmetry by 
using the general results obtained in the previous section. We will see that the quadratic and 
the periodic W(q)s which were earlier found to possess the Af- fold supersymmetry |TT|JT2]] 
can be obtained in this way. 

First of all, we set E(q) = 0. This is a trivial solution of Eq. ( |17c| ). From Eq.( |17b| ) we 
yield, 



W(q) = C iq 2 + C 2 q + C 3 , (41) 
that is, quadratic W(q). In this case, the Hamiltonians and the supercharge are given by 
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2H±u = p 2 + W(q) 2 ± AfW'(q), Ptf ] = D M . (42) 



The special choices C\ = —g, C2 = 1 and C3 = correspond to just the case in Ref. JTT 



In the next, we set E(q) = ^(non-zero constant). This is also a trivial solution of 
Eq.( |38d|) . From Eq.( p8c|) we yield, 

W(q) = C x e E ™ + C 2 e- Eoq + C 3 , (43) 

that is, exponential W(q). In this case, the Hamiltonians and the supercharge are given by 

(AT-l)/2 

2H ±M = p 2 + W(q) 2 ±AfW'(q), P^= [] (D + ikE ) . (44) 

fc=-(AT-l)/2 

The special choices E = ig, C\ = l/2ig, C2 = —l/2ig and C3 = correspond to the 
periodic case in Ref. |12| . 

Next, we set E(q) — {y — l)/q with v 7^ 1. It is easy to see that Eq. (|38d|) is satisfied 
when v = ±2. In both the cases we get from Eq.( [38c| ), 

W(q) = C iq 3 + C 2 q + cX (45) 

In these cases, the Hamiltonians are 

2H ±N = p 2 + W{qf + ^Z±±AfW'(q), (46) 

and the supercharges are given by 

N-l / u\ N-l / jL\ 

4 A) =nP + 4 (- = +2), or Pl A) =IIp-3i; (- = "2). (47) 
fc=0 \ 1/ k=o \ 1/ 

This cubic type W(q) is a new form of the A/"-fold supersymmetry. It should be noted 
that the A/"-fold supercharges for one Hamiltonian pair permits different factorized forms in 
general, as is the case above (P7|), owing to the fact that E(q) satisfies a differential equation 

(wm. 



V. FACTORIZED INTERTWINING APPROACH 

We note the type A A/"-fold supercharges belong to reducible A/"-th order intertwiners 
Lj^f, which can be factorized as a product of J\f first order differential operators 0-§J]; 

L m = lW..-LW. (48) 

For such a reducible operator, the factorized intertwining technique can be applicable. 
In this approach, a A/"-fold supersymmetric model is constructed by introducing a sequence 
of intermediate Hamiltonians H^ k \ which satisfy the ordinary supersymmetric relations; 

H {k) L (k) = L (k) H (k-i) (A; = 1,2,..., AT). (49) 



S 



Apparently, the following TV-fold supersymmetric relation 

H+mLm = L^-H-m, (50) 

holds if we set, 

H +M = H^\ H_ M = H^\ (51) 

In this section we reexamine the conditions of type A A/"-fold supersymmetry by this inter- 
twining approach and compare the results with those obtained in section |T|. The type A 
A/"-fold supercharge is realized if we set the each factor of a intertwiner as 

L (fc) = D + i(k - l)E(q) = p- i(W(q) — (k — l)E(q)). (52) 

Each of the above can be regarded as an ordinary supercharge with prepotential W — 
(k — 1)E. Therefore, if we introduce Hamiltonians H> and H< as, 

2Hl k) = L^lW + 2C{k) 

= P 2 + (W -(k- l)E) 2 + (W - (k - l)E)' + 2C(k), (53a) 

2H { t l) = L^LW + 2C(k) 

= P 2 + (W -{k- l)E) 2 -(W-(k- 1)E)' + 2C(k), (53b) 

where C(k)s are arbitrary constants, these Hamiltonians satisfy the supersymmetric relation 
for each k; 

H W L (k) = L (k) H ik-D (54) 

For the above supersymmetric Hamiltonians constructed in each k together to construct the 
A/"-fold supersymmetry, the following conditions should be satisfied; 

Hi k) = H? (k = l,...,Af-l). (55) 

This kind of intermediate relations were actually considered in Ref. 0. Explicitly, this 
condition is expressed as 

W ~§) + E (w-§)-* = fr- 1 ){ E ' + E2 ~ < k )) (* = 1, . . . ,JV - 1), (56) 
where we put C(k+ 1) — C(k) = C\ — ik — l)c(k). For Af = 2, the above condition ( |56"D reads 

W - —) + E (w - —) = a. (57) 



2 J \ 2 

For Af > 3, to fulfill Eq.(|56D for arbitrary k, c(k) should not depend on k and thus we put 
c(k) = c, and the following is needed, 

E' + E 2 = c, (58) 

in addition to Eq.(^). Comparing these results (|57|) and (^8|) with the conditions obtained 
in section [HI], we see that the results (0) and (^) are sufficient conditions for satisfying 
Eq.(|34D and Eq . (|35|) , respectively. Conversely, c\ and c are not necessarily constant but can 
be functions of q, which satisfy, 

c'[ 1) (q)-E(q)c[ 1) (q)=0. (59) 

This result indicates that even in the reducible cases there may be wider class of A/"-fold 
supersymmetric models than that can be obtained by the factorized intertwining technique. 
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VI. CONCLUDING REMARKS 



In this letter, we have shown the general forms and conditions of a M- fold supersymmetric 
family. Using the results, one can easily obtain a A/"-fold supersymmetric model for arbitrary 
M with or without dynamical SUSY breaking. If dynamical SUSY breaking takes place or 
not depends on the domain in which the system is defined and on the asymptotic behavior 
of W(q). Though the specific type investigated in this paper is quite general, It will be an 
interesting problem to find another type of family which does not belong to type A. 

Finally, we will mention about the non-renormalization theorem. This theorem is one 
of the most notable properties that the supersymmetric models possess. However, little has 
been discussed about the theorem in the case of the A/"-fold supersymmetry. As far as we 
know, only Ref. [^TJ investigated the non-renormalization nature for the quartic W(q) case. 
We have found the same property for the other A/"-fold supersymmetric models such as the 
periodic and the cubic W(q)s illustrated in section |TV]. These results will be reported in the 
near future. 



ACKNOWLEDGMENTS 

The authors would like to thank Dr. Hisashi Kikuchi (Ohu University, Japan) for discus- 
sions. The authors would also like to thank Dr. V. P. Spiridonov and Dr. M. Plyushchay for 
information on their works. H. Aoyama's work was supported in part by the Grant-in- Aid 
for Scientific Research No. 10640259. T. Tanaka's work was supported in part by a JSPS 
research fellowship. 



10 



REFERENCES 



[1] A. A. Andrianov, M. V. Ioffe and V. P. Spiridonov, Phys. Lett. A174 (1993) 273. 
[2] A. A. Andrianov, M. V. Ioffe, F.Cannata and J.-P.Dedonder, Int. J. Mod. Phys. A10 
(1995) 2683. 

[3] A. A. Andrianov, M. V. Ioffe and D. N. Nishnianidze, Phys. Lett. A201 (1995) 103. 
[4] A. A. Andrianov, M. V. Ioffe and D. N. Nishnianidze, Theor. Math. Phys. 104 (1995) 
1129. 

[5] V. G. Bagrov and B. F. Samsonov, Theor. Math. Phys. 104 (1995) 1051. 

[6] B. F. Samsonov, Mod. Phys. Lett. All (1996) 1563. 

[7] V. G. Bagrov and B. F. Samsonov, Phys. Part. Nucl. 28 (1997) 374. 

[8] B. F. Samsonov, Phys. Lett. A263 (1999) 274. 

[9] M. Plyushchay, Int. J. Mod. Phys. A15 (2000) 3679. 
[10] S. Klishevich and M. Plyshchay, Mod. Phys. Lett. A14 (1999) 2739. 
[11] H. Aoyama, H. Kikuchi, I. Okouchi, M. Sato and S. Wada, Nucl. Phys. B553 (1999) 
644. 

[12] H. Aoyama, M. Sato, T. Tanaka and M. Yamamoto, Phys. Lett. B498 (2001) 117. 

[13] J. O. Rosas-Ortiz, J. Phys. A31 (1998) 10163. 

[14] A. Khare and U. Sukhatme, J. Math. Phys. 1999 (5473) . 

[15] D. J. Fernandez C. and V. Hussin, J. Phys. A32 (1999) 3630. 

[16] D. J. Fernandez C, J. Negro and L. M. Nieto, Phys. Lett. A275 (2000) 338. 

[17] E. Witten, Nucl. Phys. B188 (1981) 513. 

[18] E. Witten, Nucl. Phys. B202 (1982) 253. 

[19] P. Solomonson and J. W. Van Holten, Nucl. Phys. B196 (1982) 509. 
[20] F. Cooper, A. Khare, and U. Sukhatme, Phys. Rep. 251 (1995) 267. 



11 



